Abstract. We obtain cubature formulas of volume potentials over bounded domains combining the basis functions introduced in the theory of approximate approximations with their integration over the tangential-halfspace. Then the computation is reduced to the quadrature of one dimensional integrals over the halfline. We conclude the paper providing numerical tests which show that these formulas give very accurate approximations and confirm the predicted order of convergence.
Introduction
We consider the volume potential of modified Helmholtz operators in R n A n = −∆ + λ 
1
For f ∈ C 1 (Ω), Ω ⊂ R n , the volume potential
provides a solution of
We study cubature formulas for the volume potential (1.1) using the concept approximate approximations (see [4] ). The cubature of volume potentials over the full space and over highdimensional halfspaces has already been studied in [1] and [2] , respectively. In [5] cubature formulas based on approximate approximations for the single layer harmonic potential were considered. Assume f ∈ C N (Ω). We extend f outside Ω with preserved smoothness and we denote by f ∈ C N 0 (R n ) the continuation of f . Assume that there exists C > 0 such that
. We introduce a uniform grid {hm} with step h. A cubature formula for (1.1) can be obtained if we replace f by the approximate quasi-interpolant
where η ∈ S(R n ) and satisfies the moment conditions of order N R n η(x) x α dx = δ 0,α , 0 ≤ |α| < N.
(1.
3)
The quasi-interpolant (1.2) approximates f in Ω. It is known ( [4] ) that
Since η is a smooth and rapidly decaying function, for any error ǫ > 0 one can fix r > 0 and the parameter D > 0 such that the quasi-interpolant with nodes in a neighborhood of Ω Since K λ is a bounded mapping between suitable function spaces, the differences K λ,h f (x) − K λ f (x) behave like estimate (1.5). We use the radial generating functions
where L (γ) k are the generalized Laguerre polynomials
which satisfy the moment condition (1.3) with N = 2M . Formula (1.6) would give a cubature of (1.1), if the integrals
could be computed efficiently for nodes with d(hm, Ω) ≤ r h √ D. For smooth domains, we propose to replace the integrals in (1.6) by integrals over the tangential-halfspace at a point of ∂Ω with minimal distance to hm. It is proved that these formulas approximate (1.1) with the order O((h √ D) 2 ). We conclude the paper providing numerical tests which show that these formulas give very accurate approximations and the order of convergence cannot be improved.
Cubature based on (1.2)
In this section we study the approximation of the integral (1.1) over a bounded region Ω ⊂ R n with smooth boundary by the sum (1.6) for appropriately chosen r > 0.
Denote by P hm a point of ∂Ω with minimal distance to hm and by n P hm the normal at P hm directed towards the interior of Ω. Let T hm be the halfspace bounded by the tangential plane at the point P hm such that the inner normal at P hm coincides with n P hm .
We define the following cubature formula for the volume potential (1.1)
To derive explicit expressions for the integrals in (2.1), as basis functions we use (1.7), satisfying the moment condition (1.3) with N = 2M (cf. [4] ). We have
The solution of the equation
is given by the one-dimensional integral
where
with the function
H k denote the Hermite polynomials
Proof. We consider the heat equation in R n
whose solution is given by the Poisson integral 5) shows that
and the relation
for k ≥ 1, integration by parts leads to
, and the definition (2.4) gives
In view of
one gets for ℓ < 2k
we obtain
Thus simple transformations give
Using (2.7), the relations
we find
In the particular case n = 2
Remark 2.1. For sufficiently large |a| > r the integrands in (2.2) are approximated by
with the error O(e −a 2 ), which is in accordance with
Theorem 2.1. Suppose that the generating function η ∈ S(R n ) satisfies the moment condition (1.3) with N ≥ 2. Then the integral (1.1) is approximated by the sum
with the error estimate
provided ∂Ω has C 2 −smoothness. The saturation term ǫ can be negligible small if D is large enough.
Proof. We study the difference
Since η(y) is supported in the small neighborhood of the origin |y| ≤ r, if hm ∈ Ω such that
by integrals over T hm without loss accuracy.
We choose a local coordinate system with the origin 0 at the point hm and the normal at the nearest point of ∂Ω from 0 coincides with the x n − axis (0 ′ , 1), 0 ′ ∈ R n−1 . In these coordinates system the halfspace is defined by T = T hm = {y = (y ′ , y n ) : y ′ ∈ R n−1 , y n > ρ hm } where
We have |ρ| < rh √ D. We assume that in a neighborhood U of the point (0 ′ , ρ) ∈ ∂Ω the domain Ω is given by
We introduce the change of variable z = z(y) defined as
takes the form
Consider the integral in (2.11). In view of (2.10) we can consider locally
Therefore we have
Obviously the first integral in the right-hand side is O((h √ D) 2 ). To estimate the second integral we use the relation 
Thus, for all x ∈ R n ,
Therefore, if S h denotes the strip S h = {x ∈ R n : d(x, ∂Ω) ≤ rh √ D}, keeping in mind (2.14) we have
It remains to consider the integral in (2.12). We use the inequality (see [3, p.80] )
and obtain
If |x − hm| < 2r 0 h √ D, by using (2.15) we obtain that
We deduce that, for all x ∈ R n ,
The last inequality and (2.16) complete the proof.
Implementation and numerical examples
From Lemma 2.1 and Remark 2.1 we obtain the following one dimensional integral representation for the integrals in (2.8) if hm ∈ Ω and d(hm, ∂Ω) ≥ rh
To apply Lemma 2.1 for nodes hm in the rh √ D neighborhood of ∂Ω we perform a coordinate transformation such that the center hm is the origin in the new coordinates ξ = (ξ 1 , ..., ξ n ) and T hm = {ξ : ξ n > ρ hm }, where ρ hm is the distance of the center hm to ∂Ω . Since η 2M is radial we obtain after the change of variable y − h m = ωξh √ D, where ω is the rotation matrix,
where we set
Then the cubature formula (2.8) reduces to the computation of integrals over the half-line
For computing at the grid {hk} we introduce η k−m = (ω −1 (k − m)) n as the projection of k − m onto the normal to the tangential plane, i.e. the ξ n −axis, and set
Hence a cubature for the volume potential at the uniform grid {hk} is
We transform the one-dimensional integral representation of a k,m to integrals over R with doubly exponentially decaying integrands by making the substitutions
with certain positive constants a and b and the computation is based on the classical trapezoidal rule. We get after the substitutions
The quadrature with the trapezoidal rule with step size τ gives
We have tested formula (3.1) in the ellipse
If u(x) = 0 and ∇u(x) = 0 on ∂Ω and 0 outside the ellipse, then the density
We have tested the approximation of the potential (1.1) with the density
which provides the exact value
x / ∈ Ω and we assumed f itself as the extension outside the ellipse.
The results in Table 1 show the accuracy of the method. They were obtained with the parameters α = 4, β = 2 in (3.2) and the quadrature parameters τ = 0.01, N 0 = −80, N 1 = 100. We assumed h = 2 −7 and different a, b and λ. We chose r = 6 and D = 3, which gives the saturation error less than 10 −10 .
In Table 2 
Analogous results are obtained in Table 4 for the approximation of K λ g(0, 0) = 1, with
To check the rate of convergence we considered the function
The results in Table 5 show that K
(M )
λ,h f (x) approximates K λ f (x) with the predicted approximation rate 2, for M = 1, 2, 3, in agreement with Theorem 2.1. Table 1 : Exact and approximated values of K λ f (x 1 , x 2 ) and relative error using K
λ,h f (x 1 , x 2 ), when h = 2 −7 and f is given in (3.3) Table 2 : Relative errors and approximation rates for K λ f (0.5, 0) = 0.7104401614873481 using K Table 4 : Relative errors and approximation rates for K λ g(0, 0) = 1 using K Table 5 : Absolute errors and approximation rates for K 1 f (x 1 , 0) using K
1,h f (x 1 , 0) in Ω = {x ∈ R 2 : 
